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We achieve a group theoretical quantization of the flat Friedmann-Robertson- Walker model cou- 
pled to a massless scalar field adopting the improved dynamics of loop quantum cosmology. De- 
■ " ^' , paremeterizing the system using the scalar field as internal time, we first identify a complete set 

, ' of phase space observables whose Poisson algebra is isomorphic to the su(l, 1) Lie algebra. It is 

generated by the volume observable and the Hamiltonian. These observables describe faithfully the 
regularized phase space underlying the loop quantization: they account for the polymerization of 
the variable conjugate to the volume and for the existence of a kinematical non-vanishing minimum 
volume. Since the Hamiltonian is an element in the su(l, 1) Lie algebra, the dynamics is now imple- 
^ , mented as SU(1, 1) transformations. At the quantum level, the system is quantized as a time-like 

'^'h ■ irreducible representation of the group SU(1, 1). These representations are labeled by a half-integer 

' spin, which gives the minimal volume. They provide superselection sectors without quantization 

anomalies and no factor ordering ambiguity arises when representing the Hamiltonian. We then 
explicitly construct SU(1, 1) coherent states to study the quantum evolution. They not only provide 
semiclassical states but truly dynamical coherent states. Their use further clarifies the nature of the 
^ , ' bounce that resolves the big bang singularity. 
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Introduction 



In the last decade loop quantum cosmology (LQC) has been established as a promising model of quantum cosmology 
in its attempt to address some of the fundamental issues of standard cosmology, such as the avoidance of the initial 
singularity, origin of inflation, etc. For recent reviews see [H-Q . The paradigmatic model in LQC is the flat Friedmann- 
Robertson- Walker (FRW) model coupled to a homogeneous massless scalar field, the simplest cosmological model 
with non-trivial dynamics. Actually, owing to the isotropy and the homogeneity, the model is constrained by a 
single global Hamiltonian constraint. Furthermore, the matter term corresponding to the massless scalar allows us 
to deparameterize the system, regarding the scalar as the internal time, and easily solve it. Solutions undergo a 
singularity at vanishing volume of the universe. 

In his pioneering works [SJsl], Bojowald proposed to adapt the quantization techniques of loop quantum gravity 
[^-[Hl to construct a singularity- free quantization of this simplest model. Then, the mathematical structure of LQC 
was rigorously established [H, [l^l and the quantization of the model was completed [l3 - [l6| . The improved dynamics 
introduced in [l^ showed that, as desired, the big bang singularity is resolved being replaced by a quantum bounce: 
choosing as physical observable the volume at a given value of the internal time, then while the time varies, the 
expectation value of the volume in physical states features a contraction epoch, till it bounces to start expanding. In 
the moment of the bounce the matter density reaches a finite maximum value that is of Planck order. 

Though the quantization of the model was successfully completed in [l^, it has been further investigated. Es- 
sentially, playing around with the factor ordering ambiguity present when symmetrizing the Hamiltonian constraint 
operator, different orderings, with different advantages with respect to the original ordering of [l^, have been pro- 
posed (see e.g. fl7l - [l9| ). all of them with the same asymptotic behavior but different at small scales. These analysis 
show that the bounce featured by the quantum evolution holds for all choices of factor ordering and is universal: it 
happens for all the physical states. 

Moreover, following the cosmic recall scenario originally proposed in and further developed as a generic 
feature of loop quantum cosmology in pTj . it has been shown that under certain conditions the bounce preserves 
scmi-classicality : the expectation value of the volume in states that arc semiclassical at late times follows as time 
varies a well defined trajectory with bounded relative fluctuations. As a result it is possible to derive an effective 
classical dynamics generating those trajectories (see e.g. Hlj). Actually, this effective dynamics can be understood as 
a consequence of a process of phase space regularization sometimes called "polymerization" : given the basic variable 
describing the geometry, the volume in the case of the improved dynamics of LQC, denoted by v, its canonically 
conjugate variable b is regularized by the expression sin(A6)/A with A a fixed real parameter with dimension of a 
length (usually set to the Planck scale). As a result, the phase space is described by v and by the exponentiated 
observables e^*^**, instead of b itself. In this regularization lies the bounce mechanism solving the singularity.^ 



^ The regularized algebra generated by v and e^'^' is an adaptation to this homogeneous situation of the regularized holonomy-flux 
algebra employed in loop quantum gravity. 
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In this work wc look again at the flat FRW model coupled to a massless scalar, within the improved dynamics of 
LQC, improving further the quantization. Now we propose a different and more natural approach, following group 
theoretical techniques. Indeed, it is easy to realize that the Poisson algebra of a basic set of observables describing 
the phase s pac e in LQC is isomorphic to the su(l, 1) algebra. This property was already pointed out in [2^, and more 
recently in |2J in the context of the dipole cosmology model derived from loop quantum gravity and spinfoam models 
[25l - l27j . In [24|, although the su(l, 1) structure was discussed to have a more fundamental role, it was merely used to 
deduce the spectrum of the Hamiltonian. On the other hand, in [23l |. the su(l, 1) group structure was used in a deeper 
way to derive the quantum cosmological evolution. However in that work the advantages of having a consistently 
quantizable algebra were not fully exploited, since no use of the group theoretical quantization was employed. Rather, 
the model was analyzed from an algebraic point of view: the quantum evolution was not derived from a process of 
quantizing the observables on a Hilbert space, but was described as a set of coupled classical equations of motion 
for the expectation values, fluctuations and correlations of the observables. This allowed to study the cosmological 
evolution of the fluctuations, but did not provide an explicit analysis of the Hilbert space and quantum states of 
geometry. 

Instead, we here take full advantage of the su(l, 1) algebra structure of the model. We will perform a transparent 
quantization, simply by representing the set of phase space observables as self-adjoint operators associated with 
the generators of the algebra. In this way, the different superselection sectors that our quantization features will 
correspond to the irreducible representations of the group SU(1, 1) of the discrete principal series. In comparison with 
the standard LQC procedure of e.g. [l6l - [l9| . several advantageous novelties follow: 

• In the usual LQC approach the Hamiltonian operator suffers from factor ordering ambiguities. Rather, in our 
description, the Hamiltonian is an element of the su(l, 1) algebra and thus it is represented without ambiguity. 
Moreover, the evolution is simply generated by SU(1, 1) transformations. 

• In LQC the volume variable v lies in the real line. It is defined from the triad variable through a canonical 
transformation and its sign reflects the orientation of the triad. Strictly speaking, its absolute value \v\ gives the 
volume (up to a numerical factor). Then one would wish to restrict to positive values of d in a way consistent with 
the dynamics, in order to avoid unphysical cross-overs and interferences between positive and negative orientation 
states. Previous works attained the decoupling of positive values of v from negative ones either a ppe aling to 
parity symmetry [l6l . Iv^ , or proposing a suitable factor ordering for the Hamiltonian constraint p^. Il9| . In our 
approach this is no longer an issue: positive (negative) values of v correspond to the positive (negative) discrete 
principal series of SU(1, 1). Therefore positive and negative values of v are decoupled beforehand, each sector 
providing an irreducible representation. 

• In LQC the kinematical volume v is discrete, due to the nature of the loop quantization. Moreover it is 
superselected in decoupled sectors. In each sector the admissible values of v form a lattice of equidistant points 
[l6|. Therefore, once v is restricted to be positive, it features a minimum non- vanishing value characteristic of 
the corresponding superselection sector. The studies of the effective dynamics proposed so far in the literature 
(see e.g. 0,111]) ignore this fact, and they only take into account the polymerization of the conjugate variable 
b, assuming v > 0. In comparison, our approach can be consistently generalized to account, not only for the 
regularization of the variable 6, but also for the regularization of the volume, such that at the classical level 
V > Vm > 0. Namely, we can really describe the regularized phase space underlying LQC accounting for the 
existence of a minimal volume directly at the classical level. 

• The kinematical minimum volume labels different superselection sectors in the quantum theory. In the usual 
LQC approach this label takes values in a continuous finite interval. In contrast, in our approach, the kinematical 
minimum volume is discrete, since its value is the spin j = (1 -I- N)/2 that labels the chosen time-like irreducible 
representation of the group SU(1, 1). Then, unlike in usual LQC, the direct sum of our superselection sectors is 
still a separable Hilbert space. 

• So far, in the previous quantization schemes of the model within LQC, semi-classical states were provided 
[3, [3 nil, but not truly coherent, since those states changed shape under evolution and did not saturate the 
uncertainty relations. In our case, su(l, 1) coherent states will naturally provide explicit and exact dynamical 
coherent states. The analysis of the expectation values and fluctuations of physical observables in these states 
confirms once again the universality of the quantum bounce and that fluctuations remain bounded. Let us 
note that in coherent states were also discussed. Although not explicitly constructed, the evolution of their 
fluctuations and correlations was derived. We will compare our results with those of (23j . 

• The group theoretical perspective provides a rigorous setting when analyzing possible generalizations of the 
FRW model. If other terms such as curvature or cosmological constant admit a description in terms of the 
elements of the algebra, then they will also admit an anomaly free quantization. 
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The structure of the paper is as follows. In section |T] we review the classical flat FRW model in the presence of a 
massless scalar and then the corresponding effective model derived from LQC, regularized by taking into account the 
polymerization of b. In section HIl we describe the SU(1, 1) group structure of this effective model and explicitly show 
that the evolution is given by SU(1, 1) transformations. In section Hill we modify the previous description in order 
to take into account also the regularization of the volume and, in this way, consider the fully regularized classical 
model underlying LQC. This fully regularized model is then quantized in section IIVI by considering the time- like 
representations of SU(1, 1). We explicitly construct dynamical coherent states and use them to analyze the quantum 
evolution. We also compare our approach with previous quantizations of the model. In section |V] we generalize our 
analysis by considering a generic su(l, 1) Hamiltonian, in order to study whether curvature or cosmological constant 
can be implemented simply in our framework. Finally we conclude summarizing the main results of this work. 

We detail in two appendices the group theoretical tools employed in the paper. We review the Schwinger repre- 
sentation of the classical su(l, 1) algebra in appendix Then we construct the time-like irreducible representations 
of SU(1, 1) and provide coherent states together with their properties in appendix [B] Finally appendix [Cl reviews the 
classical description of the FRW model with curvature or cosmological constant. 



I. CLASSICAL AND REGULARIZED FRW MODELS 



In this section we will briefly review the Hamiltonian formulation of the flat FRW model in the presence of a 
massless scalar. We will start by the classical model within general relativity. Then, we will review how this classical 
dynamics is modified when considering the regularization employed in loop quantum cosmology^. 



A. Standard Flat FRW Cosmology 



The (standard) flat FRW model represents isotropic and homogeneous solutions of the Einstein equations with flat 
spatial sections. Since these spatial sections are non-compact, and the variables that describe the model are spatially 
homogeneous, several integrals that appear in the Hamiltonian framework, such as the symplectic structure or the 
spatial average of the Hamiltonian constraint, diverge. To avoid these divergences, one usually restricts the analysis 
to a finite cell V. Owing to the homogeneity, the study of this cell reproduces what happens in the whole universe. 

Thanks to the homogeneity and the isotropy of the model, the geometry sector of the phase space can be described 
by a single pair of canonical variables. Usually one employs the scale factor a and its canonically conjugate momentum 
TTa, such that {a,7ra} — 1. On the other hand, let us denote by the massless scalar, and by its momentum, such 
that {(j),P(i,} — 1. Owing to the homogeneity, this phase space is only constrained by the scalar or Hamiltonian 
constraint, which reads 



C 



2ttG 



2a^ 



0. 



(1) 



In LQC, following loop quantum gravity, the phase space of the model was originally described by a real coefficient 
c parameterizing the Ashtekar-Barbero connection (which encodes the extrinsic curvature), and a real coefficient p 
parameteri zing the densitized triad (which measures the area), defined such that {c,p} = 8ttGj/3^ being 7 the Immirzi 
parameter [12| ■ This set of variables is related with the previous one by the canonical transformation 



AttGj 



sign(p)Vb|c 



(2) 



so that the scalar constraint in these variables becomes 



1 



16ttG 



|p|3/2 



(3) 



The improved dynamics scheme [l6| proved later that it is better to describe the geometry in terms of the volume 



^ Along this paper wc work with units h = c = 1 . 
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instead of the area.'^ Then, one introduces a variable v measuring the vohimc V of the cell under study, V = 47rG'|u|, 
and its canonically conjugate variable b, such that {b,v} ~ 1.^ The relation between these variables and the previous 
ones is 



p = sign(7j) (47rG'|u|)^^'^ 
a = (47rG|f 

Therefore, the Hamiltonian constraint is given by 



C = — b^v 
2 



. = -3sign(.)(^— J 



/ 2 \ 1/3 



b. 



SttGv 



= 0. 



(4) 
(5) 

(6) 



It is obvious to realize that is a constant of motion, since it Poisson commutes with the Hamiltonian constraint. 
Then we can deparameterize the system by regarding (j) as an internal time and p^ as the (physical) Hamiltonian 
which generates evolution in the time (j). In view of the constraint we have 



±y'l2nGbv = H± 



(7) 



We obtain two branches of solutions. Let us first consider the negative branch. We define the time parameter 
T = \/VhiG(j) for convenience, then the equations of motion have a very simple form. 



drV 



drb 



1 



{b,H^} = ~biT), 



with solution 



v{t) = v{To)e^' 



b{T) - 6(To)e 



(8) 



(9) 



As shown on fig. [1] the solutions correspond to a universe expanding from a vanishing volume at r — )■ — oo to 
an infinity volume at t — > oo. In consequence, the matter density = p^/2F^ cx p^/f^ diverges at initial time 
T — — cxj, which corresponds to the initial big bang singularity. Then the volume grows as the scalar field grows too. 
The negative branch is the time reversal of the positive branch. Thus it consists in solutions contracting from infinite 
volume to vanishing volume, where a big crunch singularity is formed. 



FIG. 1: Plots of the volume v (on the left) and of its conjugate momentum 6 (on the right) evolving as functions of the internal 
time r, for To = 0, for the negative branch: the universe starts with a big bang at r — !> — oo to expand to infinite volume 
r — > +CO. 

It is convenient for some purposes to switch back to proper time t for which the evolution is given by taking 
the constraint C as the Hamiltonian. Then the equation of motion of in terms of the proper time t is given by 



^ In this way, the polymeric representation of the resulting algebra leads to a quantum evolution in agreement with general relativity 
at semiclassical scales and introducing important quantum effects only at Planck scales. In turn, the "old dynamics", in which the 
polymeric representation is carried out using the variables p and c, led to the possibility of having important quantum effects at classical 
scales [13. Hal. 

* Note that, according with these definitions, v and have dimensions of length. Then V =oc Gv has correctly the dimension of a 
volume. 
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d(j)/dt — {(j), C}, so that the relation between the proper time and the internal time is 



47rG ,, 1 UttG , , , 

dt = vd(j) = —\ —-vdr. 10) 

Pc/, p0 V 3 

Considering the negative branch, this is easily integrated, setting tq ~ for simplicity's sake: 



P0 V 3 p0 V 3 

so that the internal time evolution r e M is mapped onto positive proper time t e]0, +oo[ and the initial proper time 
t = corresponds to r ^ — oo and vanishing volume, that is to the big bang singularity. 

Interestingly, the expansion rate in internal time is constant, since drV = v. But converting this back to proper 
time, we recover the standard Hubble expansion rate given by: 

dta _ Idtv^ _ Idj^ dr _ ^ P4> 1 _^ ^2) 
a 3 V 3 V dt VISttG v 

In particular, this allows to recover the standard Friedmann equation: 

dtaY SttG 

= (13) 



B. Effective FRW Cosmology from LQC 

LQC successes in solving the cosmological singularity essentially owing to a process of regularization. Indeed, the 
basic observables describing the geometry are chosen to be the variable v and the exponentials e*^^, with fixed length 
scale A, instead of b itself.^ Then b is regularized by the expression [l^ 

sin(A6) pj^b_p-,xb 

- , (14) 



A 2iX 
and thus the regularized Hamiltonian is given by 



-sin(A6) 



i7± ^p, = ±VT^^^.. (15) 



Considering the negative branch, the equations of motion now are 



with solution 



drV = COsiXb)v , drb=-^^^^^, (16) 



v{t) ~ Vo cosh(T — To) , 6(r) = ^ arccos[tanh(T — Tq)] , (17) 

A 



where Tq and Vq are constants of integration. 

Note that these solutions are invariant under time reversal, and therefore in this case positive and negative branches 
merge in a unique branch of solutions. As we can see on fig. [31 these solutions correspond to a universe that contracts 
from infinite volume at r — > — cx) till it reaches a minimum volume u(to) = \p^/\/\2i:G, and then starts expanding 
till infinite volume at r — >■ +oo. Therefore the universe suffers a bounce at r = Tq. The matter density, 

P^ 3 1 

^^^^^ " 2[A^Gv{T)f = 87rGA2 cosh\T - To) ' ^^^^ 



^ Unlike in a standard Schrodinger quantization, in LQC the Hilbert space is not the space of smooth functions of the configuration 
variable b, square integrable with respect to the Lebesgue measure. Rather, the Hilbert space of LQC is the Bohr compactification of 
the real line [12| . Il3l | . A basis of this space is provided by the almost periodic functions of b, whose elements are linear combinations of 
exponentials e*^*" with A £ R. Hence, they describe the configuration space. The regularization of the curvature tensor later requires to 
fix the value of A to a constant of Planck order [T^ . 
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FIG. 2: Plots of the volume v (on the left) and of its conjugate momentum b (on the right) evolving as functions of the internal 
time T, for To — 0, for the effective loop quantum dynamics of flat FRW cosmology: the universe starts with an infinite volume 
at r — — oo, contracts and bounces to expand again to infinite volume at r — )■ +oo. 



reaches a non-divergent maximum at the bounce, given by 

This maximal density is universal (independent of the momentum of the field) and of Planck order, inasmuch as A 
is of Planck order as well. The usual value employed in the literature is A = •\/A7 being A := 4-\/37r7/p[ and Zpj 
the Planck length (see e.g. for the explanation of how the value of A is chosen). In conclusion, the singularities 
present in the standard model are resolved here by a bounce mechanism. Note that in the low extrinsic curvature 
regime, 6(r) — )■ 0, approached in the limits r — ±oo, we have v{t) — >■ VqC^'^ , so that the solutions tend respectively 
to the expanding and contracting solutions of the standard model reviewed in the previous subsection, and thus this 
effective dynamics is in agreement with general relativity in the semi-classical regime, far away from the bounce. 
Similarly to before for the classical FRW universe, we can easily switch back to proper time: 



dt ^ —\ vdT t=—\ sinhr, (20) 

P0 V 3 P0 V 3 

where we have set To = for simplicity's sake. Now real internal time r € R maps onto real proper time i € R and we 
do not have a singularity anymore at t = but simply the bounce. Finally this allows us to compute the modification 
of the Friedmann equation: 

dftt 1 drV dr cosAfe f dta\^ 8ttG ( p 



a 3 V dt \JV1txG i' \ a 



P 1-- , (21) 



where pc is the maximal/critical density defined above. The new factor on the right hand side is the leading order 
modification of the Friedmann equations in loop quantum cosmology. 

In the following, to simplify the notation, we will absorb the factor A by means of the canonical transformation 

v^v = \, b^b' ^Xb (22) 
A 



II. GROUP STRUCTURE OF EFFECTIVE FRW COSMOLOGY 



A. The su(l, 1) Algebra Governing the Dynamics 



As we have seen in the previous section, in LQC the physical phase space (after deparameterization) is described 
by the basic variables v and e^*^. Combining the above basic variables, let us consider the set of observables 



= V, K+ = ^;e*^ A'_ = ^;e^*^ (23) 
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or alternatively the set of real observables 



J^=v, K^^^{K+ + K^) =vcosb, Ky = -^{K+ - K^) = vsinb. (24) 



Using {b, v} — 1, it is straightforward to realize that the Poisson algebra of these observables is a 5I2 ^ su{l, 1) Lie 
algebra: 

{Jz,K±} = TiK±, {K+,K^} = 2iJ, , (25) 

{J,,K,} = Ky, {J,,Ky}^-K,, {K,,Ky}^~J,. (26) 

The above isomorphism between the Poisson algebra of observables with the su(l , 1) algebra induces an isomorphism 
between the group of canonical transformations on the phase space and the group of SU{1, 1) transformations. Let 
us check that indeed the SU{1,1) transformations can be seen as canonical transformations on phase space. Given 
the 2x2 matrix 

whose determinant is the Casimir of the su(l, 1) algebra 

C = J^,- Kl - Kl = Jl - K+K^ , (28) 

the transformations generated by a generic SU{1, 1) element U read M AI = UMU\ since C ~ AclM = det A/. 
See also Appendix where we explicitly show that M lives in the adjoint representation. Parameterizing U as 

U^(%i\. with lap - ^ 1 , (29) 



13 a 

it is easy to check that the above transformation induces the following transformation on the phase space variables^ : 

V -^i ^v\a + I3e'^\'^ , (30) 

e^^^-^^^ (31) 



which is canonical since {5, u} = 1, as we wanted to prove. 

The key point of our approach is that the Hamiltonian, HcH = v^^TrGKy, is simply an element of the su(l, 1) 
algebra. Then the evolution is just given by the SU(1, 1) transformations generated by Ky. This simple structure will 
furthermore hold at the quantum level when properly quantizing the su(l, 1) structure without anomaly. 

A remark is that while the observable e^''' corresponds to the holonomy variable in the context of loop quantum 
gravity/cosmology, our new observables ve^^^ have a similar interpretation as a T^-loop, that is a holonomy around a 
closed loop with one triad insertion (see e.g. [2^ for a review of the loop algebra underlying loop quantum gravity). 

B. Integrating the Equations of Motion as SU(1, 1) Transformations 

To compute the evolution, we can use the fundamental representation of SU(1, 1) in terms of 2x2 matrices with the 
algebra generators given by the Lorentzian Pauli matrices (see appendix [X] for more details) . Then the evolution is 
given by SU(1, 1) transformations e^'^^"^^ = e^'^'^y = Ur, where we have used t — \/l2nG(p. Computing the exponential 
we get 



Let us notice that the transformation e'*' — > e'^ is a Mobius transformation, which is a conformal transformation on the Riemann sphere 
and seems related to the Witt algebra generated by the observables ve^"^ for n G Z generalizing our su(l, 1) observables. 
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Then we can derive the trajectories for Jj, K±, or equivalently for v and &, by acting on the matrix M and computing 
M{t) = UtM{0)UI. While the matrix M hves in the adjoint representation, it is possible to introduce spinorial 
variables that live in the fundamental representation. It is much easier to integrate the equation of motion in these 
variables and they will also be more convenient when defining and studying coherent states at the quantum level. 

As explained in more details in appendix I A 31 from canonical complex variables z^'^, one gets a representation of 
the su(l, 1) algebra: 

J. = i + K+ = z°z\ K^=Kl = z^z\ (33) 

The advantage of this approach is that the spinor z, with components z*^ and z^ now lives in the fundamental 
representation of SU(1, 1), namely SU(1, 1) transformations represented as 2 x 2 matrices act on z simply by matrix 
multiplication. 

From the 3-vector {K^-, Ky, J^) E M.'^, one can reconstruct uniquely the spinor z G up to a global phase. The 
only constraint is that the Casimir C = has to be positive or equal to 0. As shown in the previous section, our 
loop cosmology phase space has a vanishing su(l, 1) Casimir and can thus be recast in these terms. Solving for Jz = v 
and A'+ = t;e+''', we easily get: 

z° ^ y/v e-'^ e"^ , z^ ^ e-'^ e-"^ , (34) 

where ip is an arbitrary phase. Due to the square-roots, we see that the constraint that the volume v is positive, v > 0, 
is directly encoded at the kinematical level in the phase space structure defined in terms of these spinorial variables. 
These definitions can be generalized to the case of a non- vanishing su(l, 1) Casimir C > and we will see later that 
it corresponds to the existence of a non-zero minimal volume. 

Then, starting with an initial spinor z{0) at r = 0, the evolution is simply given by: 




= Ur>z{0) ^ UrZ{Q). 



From the expressions of and in terms of z, we deduce their evolution: 

Jz {t) = Jz{0) cosh T + (0) sinh r , (r) = (0) sinh t + K^{0) cosh r . (35) 

As expected, this is simply the action on the 3-vector {Kx,Ky, J^) of the pure boost Ur — e*"^'^" in the (z,a;) plane. 
We can re-absorb the initial conditions Jz(0) and Kx{Q) in a different origin point for the time: 

Jzij) ^ Jz[z{To)]cosh{T - To) , K^{t) ^ Jz[z{To)\smh{T - To). (36) 

The component Kx vanish at Tq while reaches its minimal value. Converting back into our standard cosmological 
variables, using the definitions ~ v and ~ v cos &, we obtain 

v{t) — Vo cosh(T — To) , COS &(t) — tanh(r — To) . (37) 

As it should be, these trajectories coincide with the ones previously given in (jl7p and the time origin Tq corresponds 
to the minimal value of the volume and to the cosmological bounce. 

Through this analysis, we see that the simple hyperbolic trajectories for the volume v is somehow due to the "hidden" 
su(l, 1) structure of our space of observables and to the fact that the Hamiltonian is simply a boost generator in this 
framework. 



III. GROUP STRUCTURE OF THE FULLY REGULARIZED FRW COSMOLOGY 



The above description of the effective dynamics underlying LQC only takes into account the regularization of the 
variable b. However, LQC also introduces a regularization of the volume as a consequence of a superselection of the 
kinematical Hilbert space. Let us be more explicit. In LQC the geometry sector of the kinematical Hilbert space. Tig, 
turns out to be Bohr compactification of the real line |l2l. ITsj. In momentum representation, and denoting by the 
basis states,'' then Hg is the completion of the space spanned by the states |i/ G M) in the discrete norm (ly'lv) = S^/^^, 



According with our convention when defining v, we have u = 2v, being u the usual volume variable employed in the LQC literature. 
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(here 61,1^1, denotes the Kronecker deha). It turns out that "Hg can be written as the direct sum of an infinite number 
of superselected sectors: Tig ~ ©e'H^Q'Hj, where each sector Ti^ is the space spanned by the states with support 
in the lattices of constant step = {±(e + 4:n),n S N, e G (0,4]} (see e.g. The different values of ±e label 

inequivalent quantum theories in which the physical Hilbert space turns out to be precisely any of the superselection 
sectors. In conclusion, the momentum space is spanned by the states {ly = ±s ± An), so that displays a minimum 
value e. 

Our description of the regularized phase space using the SU(1,1) structure can be easily generalized to account 
for the existence of a non-zero minimal volume at kinematical level, v > Vm > 0. This is achieved through a simple 
rcgularization of the volume, roughly switching v by \/ ~ u^. This can be taken into account by a basic modification 
of the set of observables. We know define: 



J.=z;, K+ = ^f^fl^e\ = ^fv^^e-'^\ (38) 

with fixed Vm > 0. As easily checked, these observables still form a su(l, 1) algebra, and obviously assume that 
V > Vm- Considering these observables as fundamental, we can invert this definition and compute v and b in terms of 
the 3-vector {Kx, Ky, Jz): 

V — Jz, sin & = ^ , cos b — ^ ■. . (39) 

The norm of the 3-vector defines the su(l, 1) Casimir, which is now strictly positive, C ~ =- v^-^ > 0. 

Similarly as before, we choose the Ky boost generator as our effective Hamiltonian driving the dynamics of this 
fully regularized model: 

= iJeff = V12ttG^/v^ - v"^ sin& = ^/UirGKy , (40) 

which takes directly into account the minimal kinematical volume Vm- Evolution will be given by SU(1, 1) transfor- 
mations on our initial data and will always respect the kinematical constraint v > which has been encoded into 
the observables and the dynamics of the model. 

To integrate the equations of motion as SU(1, 1) transformations, it is convenient to introduce the spinor variable 
as before. From their definition l\'3'3\i and the new expressions for the su(l, 1) generators, we define: 

z'^ = V^7T^e-'ie''^, = V^7^^.e-'^ e-'"^ , (41) 

where ip is once again an irrelevant arbitrary phase and where the modulus of the two spinor components arc now 
slightly different and depend on the value of the minimal kinematical volume. Actually, one defines the following 
quantity: 

L(z)^ i(|zop-kin - i'™>0. (42) 

The spinor z — (2*^,2^) then lives in the fundamental representation of SU(1,1). It transforms SiS z^U[>z — Uz 
for SU(1, 1) and the spinor pseudo-norm L{z) actually turns out to be a SU(1, l)-invariant. 

Then we get the evolution of our spinor by simply acting on it with our evolution matrix Ur G SU(1,1). From 
there, computing the evolution of the various variables is rather direct and we obtain 

v{t) = Vo cosh(r - To) , cos 6(t) = ^"^|^(^ ^ ^ (^43^ 
where the volume Vq at the bounce point To is determined by the parameters and Vm of this fully regularized model 



127rG 



+ ^1 >Vm. (44) 



This dynamical minimal volume depends on the actual trajectory through the parameter p^, but is always larger than 
the postulated kinematical minimal volume. Moreover, we see that only the trajectory for b is modified, but as before 
the low curvature regime 6 — >■ is reached as r grows to ±00, so that this regularized dynamics is in agreement with 
general relativity far away from the bounce. 
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The matter density now reads 



. > _ 3 1 
P^^^> " ■ pI + UttGvI ■ cosh2(r-r„) " ^ ' 

As before, it reaches a non-divergent maximum at the bounce: 

^^^^"^ " ■ pI + iLgvI vS-r. 8^GA^ ■ ^^^^ 

This value now depends in general on the value of the momentum of the scalar field, though this dependence is 
negligible in the case ^ 12'kGv^. Moreover, in this regime the maximum is of Planck order. Note that in the case 
I'm = we recover the effective dynamics of previous sections. 



IV. LOOP QUANTUM FRW COSMOLOGY BY GROUP THEORETICAL QUANTIZATION 

A. Quantizing the Effective Dynamics and Super-Selection Sectors 

Now that we have made explicit the su(l, 1) structure of the (fully) regularized phase space of the FRW model cou- 
pled to a massless scalar within LQC, we can quantize the model simply by considering the irreducible representations 
of the group SU(1,1). 

As we have seen before, in our model the Casimir is positive, and therefore among all the irreducible representations 
of SU(1, 1) we are interested in those of the discrete principal scries (time-like representations). In order to derive 
them we employ the spinor formulation of the su(l, 1) algebra, as described in appendix lA 21 Writing the su(l, 1) 
generators in terms of the canonical complex variables z°'^ as introduced above in (j33p . we quantize the system 
as a pair of harmonic oscillators: raising z^'^ to annihilation operators while their complex conjugate z^'^ become 
creation operators. The su(l,l) generators Jz and K± are then quadratic in those basic operators. We obtain a 
hugely reducible representation of SU(1, 1). It is however easily realized that the SU(1, 1) Casimir depends on the 
difference of energy between the two oscillators. Fixing this energy, we finally obtain the whole discrete principal 
series of SU(1, 1) representations. The derivation of these representations has been detailed in appendix IB II Let us 
summarize here their main properties. 

The generators J^. and Ky are promoted to Hcrmitian operators satisfying the su(l, 1) commutation relations, 
or equivalently expressed in terms of and K±: 

[Jz,K±]^±K±, [A'+,X_] = -2J„ 4 = J., K-=kI. (47) 

To characterize the irreducible representations, one diagonalizes the operator L, related with the Casimir operator 
C ^ Jz — ^{K^K_ + K^K^) through the expression 

C= fi-^V (48) 



2/ V 2, 

In our method, L has a discrete spectrum (see appendix IB II for more details) and we are exploring the eigenvalues 
of the Casimir operators belonging to its discrete spectrum. Consequently the eigenvalues of L label the time-like 
irreducible representations of SU(1, 1). 

We use the usual SU(1,1) basis diagonalizing both the Casimir and the operator J^. The basis states are then 
labeled by a spin j giving the eigenvalue of L and by the magnetic moment giving the value of Jz ■ The action of the 
su(l, 1) generators on this orthonormal basis is: 

C\i,m) = j{j - l)|j,m) , 

Jz\j,m) ^ m\j,m) , (50) 



K+ \j, m) = \J{m~ j + l){m + m + I) . 
K- \j, m) = V {m ~ j){m + j - l)|j, to - 1) 
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Wc obtain two types of representations: the discrete positive series with ^ < j < m ~ j +N; and the negative one with 
— i > j > TO = 7 — N. In both cases |j| is any positive half integer. Thus the irreducible representations of spin j > j 
live on the Hilbert spaces spanned by the basis states |j, to) with to > j, V\_ = ®„i>jC|j, to), and the irreducible 

representations of spin j < —\ live on the Hilbert spaces dual to the previous ones, = 0„j<_j C \ j,m) = V^. As 
it is usually done in LQC, we will restrict our study to the sector with positive eigenvalues of Jz = v, namely we will 
only consider the irreducible representations of positive spin. 

We see that as in usual LQC, the kinematical volume, in our case denoted by m, presents a minimum m = j 
that labels the different supersclcction sectors. In our case this minimum turns out to be discrctized in the quantum 
theory since it takes values in the discrete set f + I- Then our approach features superselection sectors labeled by a 
countable parameter. 



B. Quantum Evolution and Coherent Wave-Packets 

Let us now look into the dynamics at the quantum level. Our Hamiltonian is the boost generator Ky. As is 
well-known its spectrum is the whole real line and we can construct its eigenvectors in the considered representation 
(see appendix IB 71 for more details). We would like however to focus here on the construction of coherent states, with 
good semi-classical properties and whose shape is preserved under evolution. 

One of the beauties of our SU(1, 1) quantization consists in the simplicity of providing such states that are coherent 
under evolution. In fact, the evolution operators, given by Ur = e*"^^", are SU(1,1) group elements. Therefore 
SU(1, 1) coherent states provide dynamical coherent states. 

As we define and review in appcndixiBl SU(1, 1) coherent states in the Vi representation, have the explicit expression 



^ (to + j + 1)! / 1 1,™-,,. ^ 

,„^nV (™-.7)!(2j + l)! V^V 

These coherent states are labeled by a classical spinor z g C^, whose components and are arbitrary complex 
numbers verifying \z'^\ > \z^\. They provide an over-complete basis for the physical Hilbert space V:J_, as we show in 
section IB 31 

Their key property is that they transform covariantly under SU(1, 1), i.e the action of SU(1, 1) transformations on 
those states act directly on their label: 

U\j,z} = \j,Ut> z) = \j,Uz). (52) 

Thanks to this, it is straightforward to compute their quantum evolution. The coherent states will follow the classical 
trajectory computed earlier as a SU(1,1) flow. Only their fluctuations around the classical expectation value will 
evolve. Explicitly, starting from an initial state |j, z(0)) characterized by the initial conditions z°'^(0) given at some 
initial time r = 0, the evolved state at time r is simply given by \j, z{t)) = \j, Ur t> -^(0)). Here 



coshf sinh§ \ _ / ^0(0) 



^^=(,sinh| coshlj' ^(0)-(,.-(0)j' 

therefore the evolved coherent state |j, z(t)) is labeled by the spinor 

_f ^"ir)\_[ ^°(0) cosh 1 + z\0) sinh J \ 
^^^>~y z\t) J ~ y zO(0) sinh § -I- zi(O) cosh § J ' 

Now we only have to specify a suitable initial spinor z(r = 0) and we will have the whole quantum evolution described 
in terms of coherent states. 

The physical meaning of these coherent states is given by the expectation values of physical observables, which 
determine on which phase space point these states arc peaked, and by the fluctuations of the observables, which 
determine how semi-classical the states are. As computed in appendix IB 21 the expectation values of the su(l,l) 
generators are: 
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where wc remind the definition of tire SU(1, 1) invariant L{z) = (|zoP — NiP)/2 > and tire coherent state norm is 
shown to be {j, z\j, z) = l/(2L(z))^^. Following the analysis of the classical case presented in section Hill the norm of 
these expectation values J as a 3- vector gives the value of the minimal kinematieal volume: 



L{zy 



= 3 



3 , 



(56) 



as we expect since the minimal kinematieal volume at the quantum level in the irreducible representation of spin j 
is actually the spin j itself by definition of the Hilbert space. Then let us notice that the expectation values ( J) 
are invariant under rescaling of the spinor z. This is actually a property of the coherent states themselves (see in 
appendix for more details). We are thus free to fix the pseudo-norm L{z) of the spinor as we want. For convenience, 
in order to match the description of the classical dynamics in terms of spinors and to get rid of the normalization 
factors j/L{z), we will fix without loss of generality: 



L{z) 



3 



(57) 



Now, in order to extract the meaning of these expectation values, we focus on the complete set of physical observables 
formed by the volume operator V — AnGXJz and by the momentum of the scalar field = y/VhrGKy. Since both 
observables are su(l, 1) elements, we already have their expectation values from the formula above. We can start with 
a coherent state labeled by the spinor z(0) peaked on a fixed value of and a given arbitrary volume V . Then we 

" e SU(1, 1). This leads to the coherent state |j, z{t)) with the spinor 



evolve this initial quantum state with Ur 
z[t) given explicitly by: 



JtK 



-ib(r)/2 ^iip 



(58) 



with v{t) and 6(t) determined in ()43p and ()44|) . Here Lp is an arbitrary irrelevant phase, which neither evolves nor 
affects the physical expectation values of our observables. Checking the expectation values on these coherent states 
|j, z{t)), we get as wanted: 



(J) = (u(r) cos 6(t), ?;(r) sin 6(t), ^(r)) , 



{V{t)) = V{t) = 47rG'Al 



12ttG 



+ cosh(T - To) . (59) 



The expectation values of the physical observables follow exactly the classical trajectory. First note that the field 
momentum is of course a constant of motion. Then the behavior of the volume confirms that the universe 
undergoes a quantum bounce at r = Tq. and that this bounce is universal regardless of the particular values of the 
spinor components labeling the coherent states. 

Next we would like to check the quantum fluctuations around the classical trajectory. Since our physical observables 
-volume and momentum- are su(l, 1) generators, we also know their uncertainties (see appendix IB 2p : 



Ap0 

Ay 



r) 



{Kl)-{Ky)^ 



\ 



1 

2^ 



(60) 



1 

2Vn 



/ 47rGAiJ„ 

Vnr) 



We see that the evolution of the expectation value and fluctuation of the volume are symmetric around the bounce. 
Moreover, keeping in mind that «,„ = j, the relative fluctuation varies from a minimum value at the bounce to a 
maximum value equal to •y/l/(2j), approached in the limits r — > ±oo where the expectation value of the volume tends 
to inflnity. This explicitly shows that the relative fluctuation in the volume displays a universal (state-independent) 
bound that only depends on the representation. Furthermore, the larger j is, the smaller the fluctuations are, both 
in the volume and in the momentum of the fleld. 

In conclusion, the SU(1, 1) coherent states, that we propose here, provide good coherent semiclassical states for the 

y^, sin h 



Hamiltonian H[v,h] = y/v^ 



/, / \/V2/kG for arbitrary values of the parameters p^ and u„ 



We can also look at the evolution of the matter density = p^/(2y^) = 3i4r^/(87rGA^ J^). However the matter 
density operator is not as neat as the volume operator. It is not linear in the su(l, 1) generators and it will thus suffer 
from factor ordering ambiguities since Jz and Ky do not commute. Moreover its exact action on (coherent) states 
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is a priori not obvious. Nevertheless, since our coherent states arc scmielassical and properly peaked on the classical 
trajectory, we can approximate the expectation value of the density on these states by its classical value: 



87rGA2 (J2 



P4>{t): 



(61) 



given in ()45|) . Provided that the relative fluctuations of p^, and V are small, we can do the following approximation 
to compute the relative fluctuation of the matter density on coherent states: 



^ SP4> _2 


'Sp^ _ SV 


« 2 


'Ap0 




{P<t>) P<P 











The result is 



{P<p) 



(t) 



IpI + l2^Gvl 



UttGvI 



12t:GvI^ cosh (t- To) 



This fluctuation reaches its maximum at the bounce: 



and tends to a minimum value in the limits r — >■ ±oo 

T— >±00 



12ttGvI 



Pi 



Pi 



ol + l2nGvl 



{P<p} 



12ttGvI 



(62) 



(63) 



(64) 



(65) 



For large values of the field momentum ^ 127rGf^, the coherent states will have minimal spread in p^ and the 
uncertainty on the matter density will vanish. 

Finally we would like to point out that our analysis is valid for strictly positive values of the minimal volume > 
and we do not have well-defined coherent states in the special case of vanishing ■ 



C. Comparison with Other LQC Hamiltonians and Operator Orderings 

Here, we have identified and discussed the SU(1, 1) structure of the fiat FRW model in loop cosmology. The group 
theoretical quantization ensures that the SU(1, 1) structure is preserved at the quantum level without anomaly. This 
fixes all the ordering ambiguities appearing in the definition of the su(l,l) operators at the quantum level and in 
particular entirely determines the Hamiltonian operator. This is an improvement with respect to the usual LQC 
context, where we find various proposals for the Hamiltonian constraint operator, whose exact behaviors at small 
scales are different. 

To summarize our proposal, our Hilbert space is any of the time-like irreducible representations of the group 
SU(1, 1) with spin j positive (for instance): V:^. A basis for this Hilbert space is provided by the eigenstates |j, m) 
(with TO = j + N) of the Casimir L, defined such that L\j,m) = {j — l/2)|j, to). Our basic operators are also Jz 
representing the volume v, with diagonal action on the basis states: Jz\j,m) ~ m\j,m), and K± representing the 
observables \/v'^ — ii^e^*'', with action on basis states given by 

K+M-, = y/im- j + 1)(to + j)|j, TO + 1) , A'_|j, to) = ^/ [m - j){m + j - l)|j, to - 1) . (66) 
Moreover, the Hamiltonian operator is 

H = VVh^Ky = ^^^^ {K+ ~K_). (67) 

In LQC the set of basic operators are v and the holonomics e*'^, which act on the volume eigenstates by translation of 
±1 units respectively. We would like to note that in our approach although those holonomies are not basic operators, 
they can be defined as well, in the following way: 

^ " ^ e^^^ , ^ K^^= ^ (68) 



15 



We recover the expected action e^'''|j, m) = \j,m± 1), thanks to the non-trivial regularization of the inverse vohime 
1/v = l/J,. 

We can square our Hamihonian operator to get the gravitational part of the Hamiltonian constraint operator, that 
we will denote by Let us note that its action on the basis states \j, m) is given by 



e(j)|j,TO) 



-SttG 



V(m + 1- j)(m + j) v/(m + 2- j)(TO + l+j) | j, m + 2) - 2 (m^ - f + j) 1.7, m ) 



+ -\/ (to — 1 + i){m — j)^J [ni — 2 + j){m — 1 — to — 2) 



(69) 



Let us compare it with the various proposals for FRW in LQC. In concrete we will consider the Ashtekar-Pawlowski- 
Singh prescription (APS) [l6j . the solvable LQC prescription (sLQC) fl7[. the MarUn-Benito-Mena Marugdn-Olmedo 
prescription (MMO) [l^, and the solvable MMO prescription fsMMO) [l9l|. For a comparison between them we refer 
the reader to [l9l |. We summarize here how the Hilbert space and the geometry term of the Hamiltonian constraint 
operator look like in each case. In all these cases the Hilbert space is either T-Lf, the space spanned by the basis 
states with v £ := {±(£ + 4:n),n S N} and normalizable with respect to the discrete inner product, or 
He = Ht ffi ^4^-5 ■ Generically, the geometry term of the Hamiltonian constraint operator reads 



SttG 



[f{u + 2)\iy + 4)- Ui^)\u) + f{u - 2)\v - 4)] 



(70) 



Each prescription is characterized by the specific form of the functions f{i') and fo(y), though all of them agree in 
the large v limit. Moreover, in all the cases the operator is essentially self-adjoint [3(j |: 



APS: 



f{v) - + 2)P{v - 2)\u\\\y + 1| - - 1|| , 

fo{v)^l3{v) [(l-(5„,_4)|i' + 2|||!. + 3|- |i/+l|| + (l-(5,,4)|i^-2|||i/-l|- |i/-3||] 



(71) 
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i^||^+l|*-|^-l|^| 



if v^Q, 
if v = Q. 



(72) 



This prescription is defined in the Hilbert space T-L^^ namely it does not decouple the semi-axis v > Q from the 
semi-axis v < Q. 



• sLQC: 



f{v) = \vW\y + 2\\y-2\, fo{^) = 2v^ 



(73) 



This prescription does not involve corrections coming from the inverse volume operator and then it is simpler 
and indeed leads to an analytically solvable quantum model. As the previous prescription, negative and positive 
semi- axis are not decoupled, and then the Hilbert space is He- 
rn MMO: 



/(^) = ^9{v + 2)5(J^ - 2)g^{v)s+{v)s^{v) , 
/o(^) = \9\i^){[g{'^ + 2)s+(^)]' + [g{u 2),s_(^)]2} 



(74) 
(75) 



.9(^) = 




1 I 3 



1 I 3 



if v^Q, 
if v = Q 



s±{v) = sign(:^ ± 2) -I- sign(i'). 



This prescription takes into account the sign of v in the factor ordering to explicitly decouple the negative 
semiaxis from the positive one. The Hilbert space is then either or T-L^ . Usually one just considers T-L^ . 



• sMMO: 



f{v) = \\uW\v + 2\u-2\s+{v)s^{v) , fo{i^)\\v\ [\u + 2\s\{u) + |^ - 2|^(z.)] 



(76) 



This prescription combines the simplicity of sLQC with the decoupling of MMO of the positive semiaxis from 
the negative one, then one can define the operator O in the Hilbert space T-L^ for which v > Q. 
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It is straightforward to realize that our operator for the irreducible representation j = 1 exactly matches the sMMO 
prescription (for the sector e — 2 strictly speaking).^ This hints that the deep reason behind the solvability of sLQC 
(apparently unnoticed by its authors) is in fact its SU(1,1) structure, which automatically provides a self-adjoint 
representation for the Hamiltonian and allows to fully and exactly integrate the evolution at the quantum level. 

Moreover, in standard LQC the parameter e labeling different superselection sectors does not have any classical 
counterpart. Indeed, the resulting classical effective dynamics does not distinguish this minimum kinematical volume. 
In this sense, our approach is more general since at the classical level it allows to distinguish different values of the 
minimum volume w„i = J. Then our proposed classical regularized (effective) dynamics is controlled by both u,„ and 
A. In that sense, it is also cleaner since it automatically takes care of the restriction to the positive volume sector or 
more generally to the v > Vm sector, which is now encoded directly in the definition of the classical phase space and 
of Hilbert space by the simple requirement of working with an irreducible time-like representation of SU(1, 1). 

The SU(1, 1) structure allows us to go further than previous analyzes when studying the quantum dynamics of the 
model. In fact, we have exact and closed formulas for truly dynamical coherent states and not merely semi-classical 
states. As a result our work further clarifies whether the bounce preserves or not semi-classicality. This issue, 
sometimes called "cosmic forgetfulness" or "cosmic recall" , has generated important discussions in the literature. We 
find results supporting that semi-classical states at any time remain semi-classical during the whole evolution (cosmic 
recall) [2^ [2l|, [2^, |3l| , or confronting results pointing out that states semi-classical at late times can have been highly 
quantum before the bounce (cosmic forgetfulness) [2^ [33 - l33 | . 

Among these studies, only Bojowald attempted to exploit the SU(1, 1) structure in order to analyze the evolution 
of quantum states j23j . He derived the equations of motion of the expectation values and variances of quantum states. 
Then imposing the condition of saturating the uncertainty relations, he obtained two classes of semi-classical states: a 
first family with bounded fluctuations before and after the bounce (recall states) , to which our coherent states belong, 
and a second family of states semi-classical at late times but with important quantum fluctuations before the bounce 
(forgetful states) . Our coherent state construction conflrms explicitly the existence of states from the first family, with 
good semi-classical properties before and after the bounce, and although our intuition is that there does not exist any 
forgetful coherent state saturating the uncertainty relations in our Hilbert space, our present analysis does not allow 
us to check such a claim. We would like nevertheless to point out a major difference between our approach and the 
construction introduced by Bojowald. Indeed a "reality condition" — K-K+ = was imposed in [2^. First, it 
looks very similar to fixing the SU(1, 1) Casimir — {K-K^ + K+K-)/2 to a vanishing value. This is precisely the 
case which we avoid in our construction, where we focus on time-like representations of SU(1,1) which correspond 
to strictly positive values of the Casimir. Thus the null-like case such as considered in might be qualitatively 
different. Coherent states for null-like representations are actually much subtler to construct (issue of vanishing norm 
states) and our definitions presented here can not be applied in a direct way. Second the constraint J'l — A'_ is 

not SU(1, l)-invariant and therefore not preserved under evolution. Although it might finally turn out that changing 
this into a Casimir constraint does not affect the existence of recall/forgetful states as derived in [l^, this seems to 
be a crucial ingredient of the definition of the quantum theory. 

On the other hand, the obvious advantage of our approach is that we do build explicitly the coherent states 
minimizing the uncertainty relations and whose shape is stable under evolution. Therefore we always have under 
control the spread and expectation values of observables in the quantum states, which arc explicitly and exactly 
computable. Our results confirm the universality of the quantum bounce and that relative fluctuations of the volume 
are bounded, confirming previous results on semi-classical states [1^ [2l|, [2^ |3l| . 

V. BEYOND THE PURE Ky HAMILTONIAN 

From the group theoretical perspective it is natural to wonder about the physical meaning of a generic Hamiltonian 
living in the su(l, 1) algebra. It may happen that other su(l, 1) elements have a geometrical interpretation such as a 
curvature term or a cosmological constant. We are going to investigate this possibility in this section. The advantage 
of this method is that as long as the Hamiltonian is a su(l, 1) Lie algebra element we can describe the evolution by 
finite SU(1, 1) transformations and use the SU(1, 1) coherent states to describe the semi-classical regime of the theory. 
However, as soon as we depart from a su(l, 1) Hamiltonian, the new interaction terms will induce evolution outside 
SU(1, 1) and our set of coherent states will not be stable anymore under the dynamics. 



We remind that according with our conventions v = 2m. 
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A. su(l, 1) Hamiltonian with Kx term 

Let us consider the introduction of a term in our su(l, 1) Hamiltonian for the regularized model: 

Hj-eg = Ky + aKx^ a — constant . (77) 



Using Kx = \/v^ — cos h and Ky = ^ — v'^^ sin b we can write 



Hreg = v^(l + a'^){v'^ — v'^^) sin6, with 6 = 6 + arccos —^=^= . (78) 

Vl + 

We see that the K^- term accounts for a displacement of the origin of the angle b and a rescaling of the time variable, 
so that its effect on the evolution is physically irrelevant. 

B. su(l, 1) Hamiltonian with Jz term 

Let us now consider the introduction of a Jz term in our su(l, 1) Hamiltonian, so that the dynamics for our 
regularized model is driven by 

Hreg = Ky + f3Jz, (5 ~ coustaut . (79) 



Assuming that the observables are still given by J2 = u and K^ — \/ — vf-^ cos b, the above Hamiltonian reads 



Hreg = \J - v"^ siu h + /3v . (80) 

Let us compare it with the Hamiltonian of the FRW model coupled to a massless scalar field and with curvature 
or cosmological constant, reviewed in appendix O In the regime where we usually compare the effective dynamics 
for loop quantum cosmology to the classical FRW setting, for small 6 — > and v >> Vm, our effective Hamiltonian 
at leading order is Hreg ^ f^v and matches with the leading order of the Hamiltonian of the flat FRW model with 
negative cosmological constant for /? oc \/—A: 



HFRW=v^b^~^^v^-^. (81) 

However, this matching already breaks down for small fluctuations away from 6 = as wc can sec from computing 
the next to leading order: 

Hreg^^Jv + vb + H,nw ^-^vf^+vb^\ ^ 



where the next-to-leading order in b do not match However this mismatch seems to be a particularity of the regime 
6 — > 0. For instance, for positive cosmological constant, b can never reach 0, so this does not seem to be the correct 
regime in which to compare the FRW Hamiltonian and our regularized proposal. Let us consider a regime where b 
would be peaked around some constant value up to small fluctuations. Then the perturbations in b would be controlled 
by the Hamiltonian expanded around arbitrary value 6o. Taking 6 = 6o + ^fe, we have: 



Hreg {13 +sinbo)v + 5bv cosbo-v5b^^^^^ ^ Hfrw - vVB+v6b-!^+v5b^ (l- ^] , {82) 

with B = 6q — A/3. These two expressions match (up to adjusting the various constants and potentially rescaling 
the volume v) and this hints towards a real possibility that the Jz term in the su(l, 1) Hamiltonian allows to take 
into account a non- vanishing cosmological constant. In order to check whether this could be true, let us look in more 
details at the equations of motion and the trajectories. 

First we compute the equations of motion for our regularized dynamics: 
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Differentiating a second time tlic volume variable, wc derive the corresponding Fricdmann equation: 

d^V = {l-/3^)v + PHreg, (84) 

where H^eg is obviously a constant of motion. Let us keep in mind that this is the Friedmann equation in the internal 
time (determined by the scalar field) and not in proper time. Nevertheless, comparing it with the Friedmann equation 
for non-zero cosmological constant as given in appendix IC 1[ we see that these crucially differ: the constant term fiHreg 
is replaced by a term going in Au'^ with non-trivial scaling in the volume v. Therefore we should expect an important 
mismatch for large volume, while the local behavior around a volume extremum (maximal volume or bounce) would 
be similar. 

We illustrate this by comparing explicitly the trajectories. For the classical FRW model, we keep the known 
trajectories in appendix IC II For our regularized dynamics, the evolution is given by the finite SU(1, 1) transformations 
defined by the group elements Ur = e^'^^^y^^'^'\ Proceeding as before, we act with these 2x2 matrices on some initial 
spinorial data z(0), from which wc deduce z{t) and thus the trajectories for Jz{t) and Kx{t) and finally for the 
geometric variables v and b using (|33p . 

We distinguish two general different cases: |/3| < 1 and |/3| > 1, which correspond to the Hamiltonian being 
respectively a space-like of time- like vector in the Lie algebra su(l, 1) identified to the 2-1-1 Minkowski space-time 
K^'^. We will put aside the critical case |/3| = 1 and we will further restrict ourselves to /3 > for simplicity's sake. 



< < 1: space-like Hamiltonian 

In this case the evolution is given by the following boost transformation 



( cosh % + -4S=^ sinh | sinh ^ 

(85) 



2 ^1-/3' ^ 



sinh -J cosh ^ sinh ^ 



where f = r a/1 — (5^. Applying this matrix on suitable initial spinorial data and after a few straightforward 
algebraic manipulation, we get the resulting trajectories (see fig. [3|): 



v{t) = A COsh(f -fo)+B Sinh(f - fo) - ^Hreg , (86) 



COS 6(r) = ; ^ [A sinh(f - To) + B cosh(f - fo)] , (87) 

where the constants A and B depend on the initial conditions at f = fo and can be computed from the initial 
volume and the value of energy. It is easy to check that these satisfy the Fricdmann equation and equations of 
motion given above. Note that these trajectories reduce to those of section lllll for /3 = 0, as expected. 

The universe starts with infinite volume at t — > — oo, collapses, bounces and grows back to infinite volume at 

T — >■ +CX3. 




FIG. 3: Plots of the volume v (on the left), of cos 6 (in the center) and of the conjugate momentum b (on the right) evolving 
as functions of the internal time r, for to — 0, for explicit values of the parameters: /3 = 0.5, Vm = 1, vo — 3, bo — 0.2, 
Hreg ~ 2.062, A ~ 4.375 and B ~ -3.201. 
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• /? > 1: time-like Hamiltonian 
In this case the evolution is given by the following rotation 

/ nr.. t ^ '/3 

Ur = 



COS TT I , 

2 7^5^ 



, sm ^ 



cos ^ , ^ sm ^ 

2 2 



with f = T-\/ /32 — 1. The resulting trajectories are similar to the previous case but replacing the hyperbolic 
functions by trigonometric functions (see plots below in fig. |4|): 



i;(t) = A cos(f — To) + i? sin(f — -tq) 



1-/3^ 



2 -ffreg , 



(89) 



cos 6(t) = [A sin(f -tq)-B cos(f - fo)] , (90) 

^w(t)2 - u4 

where the constants A and B are determined in terms of the initial conditions vq ^^nd 6o, or equivalently in 
terms of vq and the energy H^^g . 

In this case, the volume is completely bounded, the universe oscillates between a minimal volume (bounce) and 
a maximal volume and its motion is periodic. 




FIG. 4: Plots of the volume v (on the left), of cos b (in the center) and of the conjugate momentum b (on the right) evolving as 
functions of the internal time r, for tq — 0, for explicit values of the parameters: /3 = 3, v,n — 1, vq = 3, bo — 0.2, Hreg ~ 9.562, 
A ~ -0.586 and B ~ -0.980. 



If one compares these trajectories with the ones of classical fiat FRW cosmology with non-vanishing cosmological 
constant, then qualitatively it seems that the case |/3| < 1 corresponds to A > while the case |/3| > 1 corresponds to 
a negative cosmological constant A < 0. Indeed, as described in appendix IC 1[ for A > 0, classical FRW cosmology 
gives two possible branches: either a universe contracting from infinite volume and crashing to zero volume, or a 
universe born in a big bang and expanding to infinite volume. Here our regularized dynamics has a big bounce which 
connects the contracting phase to the expanding phase, without going through a singularity. On the other hand, for 
A < 0, classical FRW cosmology describes a universe expanding from a big bang, then reaching a maximal volume 
before crashing in a big crunch. Our regularized dynamics once again avoids the vanishing volume singularity and 
creates cycles oscillating between minimal volume and maximal volume. 

However, if one now compares the explicit equations of the trajectories, as given above to the ones for classical FRW 
cosmology given in appendix IC 11 one sees that the formulas do not look the same at all. Indeed, quantitatively, it is 
not clear that there is a precise regime where our regularized SU(1, 1) dynamics matches the classical FRW models. 

We see a few possible reasons for this mismatch and propose potential ways to remedy them: 

• The su(l, 1) Hamiltonian is just not enough. As we have seen the Friedmann equations (in internal time) are 
just different and they do not seem to match for large volume. One should probably depart from the strict 
SU(1,1) evolution. In particular, we should investigate the exact ansatz for the effective dynamics for loop 
quantum cosmology with cosmological constant and see how to take it into account in our framework. 

• The choice of the internal time is not the correct one to compare the classical dynamics to our regularized 
model. For instance, the classical FRW cosmology in proper time seems to match the regularized trajectories 
in internal time. But we do not yet see a clear mathematical reason for this nor a physical motivation for this 
switch of cosmological clock. 
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• It is a problem of domain of validity of the regime in which we compared our Hamiltonian initially: we were 
looking at first at small fluctuations in b around some fixed value bo- After solving explicitly the equations of 
motion, we see that b varies too much generically in (internal) time and thus causes some large deviation of 
the regularized dynamics from the classical trajectories. Nevertheless, one could try to identify a precise regime 
(possibly looking at the evolution in terms of a different clock) for intermediate values of the volume where b 
does not fiuctuate wildly and where the trajectories would match analytically. 

• Finally, maybe the Jz term simply does not correspond to the inclusion of a cosmological constant but of 
another gravitational source (matter field or dark energy or...). This would require studying the coupling of 
various matter fields to the effective dynamics of loop cosmology. 

We postpone a detailed analysis of these alternatives to future investigation. Our purpose here is to focus on the 
SU(1, 1) structure of the effective dynamics for loop cosmology and to see how far one can get with it. Since it seems 
likely that one has to add interactions which lead to deviation from the exact SU(1, 1) flow, it seems more reasonable 
to leave this for later. 



C. Generalizing the Ky Hamiltonian: Accounting for Curvature? 

We have investigated above the addition of or J, terms. We have found the term physically irrelevant and 
the Jz term potentially related to the inclusion of a cosmological constant. However, one can naturally wonder if it 
is possible to account for non-flat FRW cosmology with fc = ±1. 

An interesting approach is the possibility of generalizing further our description without departing from the H = Ky 
Hamiltonian. Indeed, it is easy to realize that the set of observables (pS)) is not the most general one forming a closed 
su(l, 1) algebra, but this set can be generalized to 



Jz = V, K+ ^ ^/v^~vle'^''+'^^'''>\ = Vw2-v^e-*(''+'^(''», (91) 

for any real function ip{v). It might happen that for a suitable choice of ^^{v)^ the Hamiltonian 



Hreg = Ky = ^ v'^ - sin(6 + ^{v)) (92) 

provides a regularized dynamics for some FRW model. Actually, for the particular choice, inspired from the models 
of effective dynamics for loop quantum cosmology, 

^(") = -:^(4i^ 

and in the regime of small b and large v the Hamiltonian behaves as 



which corresponds to a Hamiltonian constraint 



P4, 



I - 127rG 



h'^ir 1 n ' 

7 (47rG)i/3 ^ y(47rG)2/3 



(95) 



for the case that the geometry is coupled to a massless scalar field and iJ,-eg = p^/ vVhiG. The above expression 
almost coincides with the Hamiltonian constraint of the FRW model with curvature k and without cosmological 
constant, as we can see in (|C6[) . Therefore, it is natural to analyze whether indeed Hj-eg provides a regularized 
non-flat FRW model. 

Using psp it is straightforward to get the trajectories, they are given by 

r \ r \ 1 / \ , / \ '^{'''o) sinh(T — Tq) fc 

v{t) = v{to) cosh(T - To) , b{T) = arccos - + (96) 

^f2(r) - 7[47rGt;(r)]VJ 

Qualitatively, these trajectories seem to provide a regularized version of the FRW model with non-zero curvature, 
avoiding the vanishing volume singularity. On the other hand, the actual explicit behavior of v and b in terms of r in 
our regularized version does not compare at all with the exact classical FRW trajectories as computed in appendix 
IC 21 We do not fully understand this mismatch and how to exactly resolve this issue. The various alternatives that 
we see are the same as given above in the case of the Jz term and the cosmological constant. 
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Conclusion 



In the present work we have carried out a group theoretical quantization of the flat FRW model coupled to a massless 
scalar field adopting the regularizations employed in the improved dynamics of LQC, both in the kinematical volume 
and in the variable conjugate to it. This group theoretical quantization lies in the fact that the set of observables 
that describes the regularized phase space close an su(l, 1) algebra. The preservation of the su(l, 1) structure at the 
quantum level provides a quantum representation of the algebra of classical observables free of anomalies and free 
of factor ordering ambiguities. In particular, it fixes totally the Hamiltonian constraint operator. The irreducible 
representations of the group SU(1, 1) of the discrete principal series provide superselection sectors. In each sector we 
have explicitly constructed dynamical coherent states to analyze the evolution. We have shown that, in these coherent 
states, the volume undergoes a bounce that cures the classical big bang singularity, and that the relative fluctuations 
of the volume remain bounded along the whole evolution. 

Furthermore, we have investigated whether our su(l, 1) framework can be generalized to account for the introduction 
of cosmological constant or curvature. Our analysis shows that the models with curvature or with cosmological 
constant arc more complicated, and indeed a quantization of them within the pure su(l, 1) structure does not seem 
plausible. In order to get a group quantization for those more general models we would need to depart from the 
su(l, 1) algebra by considering its enveloping algebra. 

Another intriguing feature is the generalization of the su(l, 1) structure of the algebra of observables to more 
complicated algebras. For instance, beyond the su(l, 1) algebra, one can consider all the observables i„ = ve™^ for 
n € Z, which obviously form a Witt algebra. One can wonder if this allows to take in account and explicitly solve 
a larger class of cosmological Hamiltonians, and whether a central extension to a Virasoro algebra would have any 
physical meaning. Finally, it would be interesting to see if our group theoretical approach to the loop quantization 
of cosmological models can be pushed further and whether it is possible to identify relevant Lie algebra structures in 
the space of observables for Bianchi models [i^l or Gowdy cosmologies [H, 113] . 
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Appendix A: Spinorial Representation for SU(1, 1) 
1. The 2-Dimensional Representation and SU(1, 1) matrices 
The Lie group SU(1, 1) is defined as the set of 2x2 matrices U of determinant det U = 1 satisfying UeW = e with: 



e = 



1 

-1 



[/= ( ^ f ), with H^-|/3|^ = l. (Al) 



Explicitly, the group elements read: 
The action of such matrices on complex vector {x,y) e conserves the pseudo-norm \x\'^ — |yp: 



The generators of su(l, 1) are the (Lorentzian) Pauli matrices: 

1/1 0\ _i/^o 

" 2 I -1 j ' '^""21-10/' " 2 V 1 



= o ( 1 n ' = ^ 1 n • (A3) 
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Their commutators define the su(l, 1) Lie algebra: 

Then group elements are obtained through exponentiation, V = exp m • u. More explicitly, we encounter three cases. 
If the 3- vector u is null, jitp = — — Uy = 0, then the matrix (u • a) is nilpotent and the series expansion is 
truncated at first order: 

|up=0^ e™-^ = I + m-CT. (A4) 
If the 3- vector u is time-like, we get a trigonometric expression: 

\u\^>0^ e™-^ = cos^I + 2zsinMi..o^. (A5) 
For space-like vectors, we get a similar expression but with hyperbolic functions. 

2. Phase Space Representation of the su(l, 1) Lie Algebra 

Let us start with the four dimensional phase space defined by two complex variables z'^'^ e C and equipped with 
the canonical Poisson bracket: 

{z°,z°} = {z\z^} = -i. (A6) 

Then we consider the following observables: 

Jz = ^{\zr + \^'n, K+^-z°-z\ K- = z^z\ L=\{\zr-\z'?). (A7) 

It is easy to check that the three observables J^, K± form a su(l, 1) ^ Lie algebra while L commutes with all three 
of them: 

{Jz.K±}^ T^K±, {K+,K^}=2iJ, (A8) 

{L,JJ = {L,A±} = 0. (A9) 
Instead of K±, one can use the usual generator of boosts in the x and y directions: 

K± = K,±iKy, K, = ^{K+ + K.), Ky = ^{K+-K^), (AlO) 
which satisfy the following commutation relations: 

{JZ, K^} = Ky, {Jz,Ky} = -K^, {K.^,Ky} = -J, . 

Noting J = {Kj-, Ky, Jz) G M^'^ for the 3-vector living in the three dimensional Minkowski space of signature 
( h), its norm defines the Casimir of the su(l, 1) algebra and is simply expressed in terms of the L-observable: 

C = J^-Kl- Kl = Jl - K+K^ = , (All) 

so that we only generate time- like or null vectors with C = > 0. Null vectors ~ correspond to complex 
variables with equal norm, \z'^\ = \z^\. 

3. Action of SU(1, 1) Transformations 

In order to derive the action of finite SU(1, 1) transformations on our variables, let us start by looking at the action 
of the su(l, 1) generators on and z*^'^. They mix the variables and their complex conjugate. Nevertheless, we 
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spinor z e 



easily notice that they mix z*' only with and only with z*^. It thus seems natural to introduce the following 

(z| = ( fO zM . (A12) 



It is direct to compute the action of the generators on this complex 2-vector: 

{J,\z)} = ta\z), (A13) 



where a are the Lorentzian Pauli matrices defined in (jA3p . It is then straightforward to exponentiate the action of 
the J's and check that the spinor z does belong to this fundamental two-dimensional representation of SU(1, 1): 



e 



{^■J^-}\z) = U\z), [/ e™-^ e SU(1, 1) ■ (A14) 



If we switch the role of z^ and z^ and now take the complex conjugate z'' in the definition of the spinor, it simply 
amounts to taking the complex conjugate of the spinor \z) and it transforms as in the complex conjugate representation: 



z) = z) = \ 1 — > ' ■ z 



{u-J,.} 



U\z). (A15) 



From these finite SU(1, 1) transformation, one can check directly that L{z) = ^(I^^P — k^P) is indeed conserved: 

a 13 



a) eSU(l,l), L{Uz)^L{z), 

refiecting the fact that the observable L commutes with the su(l, 1) generators. 
Next, we introduce the 2x2 matrix: 

M . ( ^; ^; ) . (A16) 

It admits a simple expression in terms of the spinor z: 

M = |z)(z| - L(z)e. (A17) 

From the law of transformation of the spinor and the facts that L{z) is invariant under SU(1, 1) and that UeW = e 
for any matrix in SU(1, 1) by definition, one find that M lives in the adjoint representation ^: 



{S:J, ■} M = UMU'' , U = e'"-^ . (A18) 



e 



Appendix B: Time-like Representations of SU(1, 1) and Coherent States 

1. Deriving Unitary Representations From Harmonic Oscillators 

Let us quantize the phase space defined above and thus promote the complex variables z*^'^ and their complex 
conjugate z^'^ to respectively annihilation operators a,b and their corresponding creation operators a^,&^, satisfying 
the canonical commutation relations: 



[a,at] = [6,6t] ^ 1, [a,b] = . 



^ One could have check this by directly computing the Poisson bracket of M with the su(l, 1) generators: 

{J, A/} = i{aM - Ma'') . 
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Following this simple quantization rule, we define the su(l, 1) generators: 

= i (a^a + fe^&+ 1) , K+^ah\ K_=ab. (Bl) 
The +1 term in Jz comes from properly ordering the operators, and one checks that these form a su(l, 1) Lie algebra: 

The Casimir of the algebra admits a simple expression in terms of the quantized version of L: 

C^j'-^iK+K_+K^K+)^L'-^=(^L + ^^(^L-iy L = ^ {a^ a - b^b) . (B2) 

Then irreducible representations of SU(1, 1) will be determined by the value of the operator L, which measures the 
(fixed) difference of energy between the two harmonic oscillators. 

Working with the two quantum oscillators, our Hilbert space is the tensor product of the two Hilbert spaces for the 
decoupled oscillators, Hho ®T~1-ho- Working with the standard basis diagonalizing the number of quanta a^a and h'^h 
of both oscillators, we can compute the action of the operators J and L: 

L\na,nb}HO = -^{na - ni,)\na,nb)HO, 
Jz\na,nb)HO = ^{na + nb + l)\na,nb)HO, 



K+\na,nb)HO = V {ria + + l)|"a + l,?i6 + 1) 

K^\na,nb)HO = \/nanb\na - 1, rifc - 1)ho ■ 



HO, 



In order to get an irreducible representation of SU(1, 1), wc diagonalize the operator L. This fixes the difference of 
energy between the two oscillators, let us say to iV = — nb- Let us start with > 0. The corresponding Casimir 
is C = {N - 1){N + l)/4 = j{j - 1) with the spin j = {N + l)/2 always larger or equal to i. The usual SU(1, 1) 
basis is defined by diagonalizing the operator J^. Its eigenvalue defines the magnetic momentum m = (jia + Ub + 1) /2 
always equal or larger than the spin j: 

\j,m) = \n + N,n)HO, with iV = 2j - 1, j ^ ^^2^^ - n = m-j, m = j + n>j. (B3) 

Thus the irreducible representation of su(l, 1) of spin j lives on the Hilbert space spanned by the basis states \j, m) 
with m > j bounded from below, V;^ = ®„j>j C |j, m). Then it is straightforward to compute the action of the 
su(l, 1) generators: 

Jz\j,m) = m|j,TO) , (B4) 
K+ \j, m) = \/{m-j + l){m + j)\j, m + 1) , 
K-\j,Tn) = j)(m + j - l)\j,m- 1) . 

The representations with negative value of L have the \ti, n + N) with fixed > and n G N as basis states. They 
lead to isomorphic irreducible representations. 

In order to get the highest weight representations = ©„j<_j C \j, m) ~ V;^, one needs to re-define the su(l, 1) 
generators in terms of the harmonic oscillator operators. Indeed re-defining the generators as Jz — > — Jz and K± — > 
K^, they still satisfy the same commutation relations, but we now get negative eigenvalues for Jz and obtain the dual 
representation. 

Using this method, we generate all time-like unitary irreducible representations of SU(1, 1), with C + ^ > 0. It 
does not however allow us to generate the space-like unitary representation with C -\- ^ < 0. Anyhow, only the 
time-like representations of SU(1, 1) are involved in the quantization of the effective/regularized LQC dynamics for 
FRW cosmology. 
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2. Defining Coherent States 

Let us define the following states living in the representation as defined above and labeled by the classical spinor 



n=0 



1^-'-) - E V^^T^ iiV^' {zr\n + N,n)HO. (B5) 



As we show below, these states are coherent in that they transform covariantly under SU(1, 1) transformations and 
they are semi-classical states peaked on classical phase space points with minimal uncertainty. 

For the special case, where the spinor is trivial, = 1 and = 0, the state reduces to the lowest weight vector: 

b-,(z",zi) = (l,0)) = \N,0)ho = \:hm = j). (B6) 

In order to compute the norm and expectation values of those states, we simply need the following Taylor series: 

This allows to compute the norm (the series converge when l^*^! > \z^\)\ 

r I- , ^ 1 ^ (n + 7V)! /Iz^n"^ 1 ^ 1 

|^0|2(JV+l) \\z^\^) (|^0|2 _ |^l|2)JV+l (2L(z))2j ' ^ ' 

which is invariant under SU(1, 1) transformations. Then we compute the expectation values of the su(l, 1) generators: 
{j,z\K^\j,z) ^ ^^^^ i^^n (hm) = 1.012 _ ui|2 ^(A+)=.?-±, (BIO) 



^1 |^o|2(iv+i) Vl^^lV '|z0|2-|zi|2 ^ L 

1 ^(n + iV)!, ; f\z^?V /■ ,. 2jzOzi . i^-. 



(j\z|if_b;z) = -p^p^5]i-^(n + 2j) (^yLj =(j,zb,z) |^o|2_|,i|2 ^(A-)=J — , (Bll) 

Thus one gets exactly the expected classical vector up to a simple global rc-scaling: 

(/>=J^, (B12) 
so that the norm of (J) only depends on the spin j of the chosen representation: 

{Jf = ,f . (B13) 

Since is the Casimir and its value is already known, this allows to compute the invariant fluctuation of our coherent 
states: 

{j')-{Jr=ji3-l)-3'^-3, (B14) 

which is actually the minimal possible fluctuation for a time- like representation^". We can further compute the 
fluctuations for the individual components. We get: 

.2^ ,r^2 JK+K- J (Jl ■ 



(J,) (J.) - 2j ^|^„|2_|^i|2)2 " 2^J~ ~ 2 ^ ) ' ^^^^^ 



A rough calculation on the standard basis states gives: 

- (j,m\J\j,m)'^ = j{j - 1) - m^, 
which is obviously minimal for the lowest weight vector m = j. 
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Furthermore, these coherent states saturate the uncertainty relations. Let us remind that given two self-adjoint 
operators A and B they satisfy the following uncertainty relation: 

{{A') ~ _ (5)2) + 1 ([^_ B]f > + BA) {A){B)J . (B18) 

After a tedious but straightforward calculation one can indeed check that the above relation, when particularized to 
any two of the three operators J^, and Ky, becomes an identity. Thus our SU(1, 1) coherent states saturates all 
uncertainty relations for the su(l, 1) generators. 

3. Resolution of the Identity 

These coherent states provide a decomposition of the identity on the Hilbert space V'l-, for each fixed value of L. 
Indeed; let fix L = I, then the two complex variables are related to one another by = 21+ Then we compute 
the following integral: 



n ' ' 

= (2-)^E^^^ /-^- (2/ + ^2^+^+1 |n + iV,n)(n + iV,n| 
(27r)2Z 



iV(20^^ 

Up to the pre-factor. which only depends on the choice of representation (through TV) and the specific value of L, 
we do have in the end a proper decomposition of the identity on V;^ . 

4. Action of SU(1, 1) on the Coherent States 

The key property of these coherent states is that they transform covariantly under SU(1, 1) transformations and 
that their shape remains undeformed under the action of SU(1, 1). More explicitly, we have: 

U\j,z) = \j,Ul>z), [/ = e»-^^eSU(l,l), (B20) 

for arbitrary SU(1, 1) transformations where U > z is the action ()Al4p defined above in section lASl It is straightfor- 
ward to check this property for infinitesimal transformation around the identity, U ^ I, then one can exponentiate 
that action. 

This property ensures that all the coherent states | j, z) with 2L{z) = 1 are obtained from the lowest weight vector 
\j,j) by a SU(1, 1) transformation: 

|J,J> = |J,(^°,^') = (1,0)), \j,z) = U{z) (B21) 
with (i)-mz)(l) = ('',i)(l) = (''A, 2L=|zOp-|zip = H2-|/3p = l, t/(z)eSU(l,l). 



z' I ^MO/ \ P a I \Q I \ /3 
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To obtain coherent states with 2L 7^ 1, one need to check the scahng properties of L and the coherent states under 
the re-scahng transformation z — > Az with A > 0. For instance, we have, L{\z) = \^L{z) and: 

|j, Az) = A-2^ |j, z). 

Thus to get an arbitrary coherent state |j, z) from |j, j), one simply has to do a re-scahng and a SU(1, 1) transformation 
(remember that our coherent states are well-defined only for |z°p > |z^p i.c L{z) > 0): 

|j,z) = (V2l)-2^C/(^-^) (B22) 

The fact that these states are all obtained from through straightforward SU(1,1) transformations (up to 

an over-all factor) naturally implies that their invariant uncertainty (J^) — (J)^ as computed above is equal to the 
uncertainty associated to the state that is — j. 



5. Gaussian Approximation for the Coherent States 

For a fixed spinor z, let us look on the coefficients (j, m\j, z) in terms of m. We will see that for appropriate spinors, 
this distribution can be approximated as a phased Gaussian, making it similar to the standard ansatz for coherent 
states. 

We fix the representation TV and use the Stirling formula for large n's: 



(zO)^+iVM 
1 



e^'°s"-"i°g«, with 



(zO)^+iVM 

The exponent 4>{n) = ^ logn — nlog^ has a unique (complex) extrema: 

N N 
dn(f> =7: logC =^ no = 



2n " 21og^ 

At this point, it is convenient to use radial coordinates for the complex number ^: 



^ = Re'*^l- 1 e''^, logC = logi?-t-zV', 



where r and %/ r"^ + 2L arc respectively the modulus of z^ and z". Now let us remember that our coherent states are 
well-defined for L{z) > 0, thus for R > 1. Then for large values of r, i.e small values of i? — > 1+, the logarithm logi? 
becomes small and the extremal value of n grows inversely to log R and thus becomes large, justifying the Stirling 
approximation for the factorials. 

Computing the value of the second derivative d^(j> at the extremum, we can finally give the stationary point 
approximation for our distribution: 

{n + N,n\j,z) - e^O°s^-i)e-^^("~^)', (B23) 

n»l 

which is a phased Gaussian peaked on the real value Umax — NlogR/2 \ log^p. 



6. Miscellaneous Formula for the Coherent States 



One can generate the coherent states | j, z) for the representation of spin j and N = {2j — 1) from the coherent 
states for the null- like representation of spin j = \ and = 0: 

' ' (2L(z)^VM^ > ' ' 
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One can check this by expanding the binomial and using the explicit definition of the coherent states in the basis 
labeled by the numbers of quanta. The interesting fact is that the operator (z^a^ — z^b) behaves covariantly under 
the action of SU(1, 1) as one can easily see from its commutation with the generators J: 

U{z^a) - z^h)U-^ = ([/[> zfa^ - {U > z^b . (B25) 



7. Spectrum and Eigenstates of the Boost Generator 



Let us look at eigenstates of the Lie algebra generators. The rotation generator gives the total energy of the 
two harmonic oscillators a and b. It has a discrete positive spectrum and is diagonalized by the standard basis | j, m) 
with m G J + N defined above. On the other hand, the spectrum of a boost generator is purely continuous and is the 
entire real line. 

Let us consider Ky, expressed in terms of a and b. It admits a decoupled expression in terms of new oscillator 
operators: 

Ky = - (atfot -ab) = - (ct2 - c2 - d^^ + <f) (B26) 



We can thus focus on the c-part of the operator and we define the Hermitian operator T> = (c'f^ — c^)/2i. This is the 
generator of Bogoliubov transformations on the oscillator c and it maps coherent states to squeezed states: 



e ce"'" = (cosh 77c + sinh?7ct), e e"'''' = (cosh 77 + sinh 77 c) . 



(B27) 



Using the standard quantization for the harmonic oscillator, we represent the creation and annihilation operators as 
functions acting on M: 



1 



4 _ 



1 



' V2' " V2' 

Then the operator V turns out to be simply the dilatation operator acting on x: 



V 



xdx 



(B28) 



(B29) 



Its spectrum is the real line is its eigenvectors are: 



{x\X) 



x^ 



, V\X) = A|A) 



(B30) 



One can also consider the eigenvalue problem in the \na, ni,) basis which we used to build the coherent states. For 
fixed N = Ua — rib, let us act with Ky on arbitrary states: 



iV! 



n\{n + N) 



■a,,\n + N,n) = ^^Z^^^ 



m 



n!(n + A^) 



■{a 



n+l 



n{n + N)an-i)\n + N,n) . (B31) 



Thus the coefficients of the eigenvector with eigenvalue A satisfy the following second order recursion relation: 

Vn>0, an+i{X) ^ 2iXan{X) + 7i{n + N)an^i{X) , (B32) 

with initial conditions a_i = and arbitrary ag. Setting ao = 1, the coefficients a„(A) will be polynomials of order 
n in 2iX. It should be possible to map this recursion relation onto an orthogonal polynomial problem, but we do not 
investigate this direction further since we do not explicitly need the eigenvectors of Ky but only the coherent states 
for the purpose of the work presented here. Nevertheless, the interested reader can refer to e.g. [4lj for more details 
on the representation theory of SU(1, 1) and their recoupling. 
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Appendix C: Classical FRW model with curvature and cosmological constant 

In this appendix we will review the classical (unregularized) FRW model with intrinsic curvature k = ±1 and/or 
cosmological constant A, and coupled to a massless scalar field (p. In the geometrodynamic variables (a, ttq) the scalar 
constraint reads 

The canonical transformation between the above variables and the coefficients c measuring the Ashtekar-Barbero 
connection and p measuring the densitized triad in this general case is given by 

3 

a = %/p, ^ ' ^^^^ 

thus the constraint in these variables is given by [H 

C = ^ I - A [(c - fc) V k^^] + 2Kp^'^ + 8.G A 1=0. (C3) 

Introducing as before the canonical transformation to the (dimensionfuU) variables (w, 6) given by 

p = {ATrGvf^^ , c = 7 {AttGv)^^^ b , (C4) 

we obtain 

^ - + f (4^ - Sl^f*"^"'"' + '^') + I" + si - °^ <^^) 

Now we can deparameterize the system, solving the Hamiltonian constraint for the momentum of the field: 



= UttG 



, , 2k bv^/^ k'^ + k-f'^ A , 
■"•^ 1 ■ — V I* xr 



b V — 



7 (47rG)i/3 ^2(47,^)2/3 3 



(C6) 



The square root of this expression give us the Hamiltonian of the system, that generates evolution in the internal 
time (f). We note that the equation of motion of (j) in terms of the proper time t is given by d(j)/dt — {</),C}, so that 
the relation between the proper time and the internal time is 

t= — f v{(t>)d(t>. (C7) 



Let us integrate the equations of motion for the simple cases in which either the curvature or the cosmological 
constant vanish. 

1. Flat model with cosmological constant 



The Hamiltonian particularizes to p^ = = zL^/TQjtGv y b'^ — j. To simplify the notation we introduce r 
Vl27rG0. The resulting equations of motion are 



with a simple Friedmann equation: 



bv / A 

drV = T . , drb = ±Jb^ - - , (C8) 

/62 - A V 3 



d^v = v + — —V^. (C9) 



We distinguish two kind of solutions depending on the sign of A: 



In the following, for simplicity, wc will assume that p is positive, and therefore also v. 
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• A > 0: de Sitter Universe 



v{t) 



VinGA I sinh(r - To)\ ' 



&(r) 



±\/-COsh(T - To) . 



The matter density — p'^/{2V^) reads 



^sinh^(r-r„). 



(CIO) 



(Cll) 



There are two branches of solutions (see fig. [S]): for r G (— cx), Tq) the solutions represent a universe that expands 
from a big bang singularity till the matter density vanishes and the volume diverges; for r € (to, c») the solutions 
represent a universe that contracts from infinite volume and vanishing density till a big crunch singularity. From 
([TUI and the trajectory v{t) we obtain that the proper time goes as 



tanh ■ 



(C12) 



where the positive sign corresponds to the branch t g (to,oo) and the negative sign corresponds to the branch 
T G (—00, To). Moreover, v{t) oc |sinhci:|, with c a constant. Therefore in proper time we have a contracting 
branch for t G (— oo,0) and a expanding branch for t G (0, 00), and the instant t = leads to a curvature 
singularity. 



FIG. 5: Plots of the volume v (on the left) and its conjugate momentum b (on the right) evolving as functions of the internal 
time r, for tq = 0, for flat FRW cosmology with positive cosmological constant A > 0. We have two branches: an expanding 
one starting with a big bang singularity and a contracting one ending with a big crunch. 



A successful regularized dynamics should cure this singularity matching the two branches in a single one for the 
range t £ (— (X),c»), representing a universe that contracts till a bouncing point at t = with positive volume 
and finite density, where it starts expanding. Such a bouncing behavior is achieved by the loop quantization. 
For this model the loop quantization has been thoroughly analyzed in [3^ (see also references therein), where 
the resulting classical effective dynamics is also reviewed. 



• A < 0: anti-de Sitter Universe 




with matter density 



viT) = ^^^= ^, 6(t) =±\/Vsinh(T-ro). (C13) 

^47rG|A| cosh(r - r^) y J \l o \ o, y 1 

P4,ir) = -^cosh\T-To). (C14) 

These solutions represent a recollapsing universe (see fig. |6]): it expands from a big bang singularity (at r — )• —00) 
till the matter density reaches a minimum value equal to IAI/SttG and the volume reaches a maximum value 
equal to AnG/Ap^ (at r = Tq), moment at which the universe starts contracting till it reaches a big crunch 
singularity (at t — > 00). 

From (jlOp and the trajectory v{t) we obtain that the proper time goes as 

t - arctan(e^^^°) . (CIS) 
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b 




FIG. 6: Plots of the volume v (on the left) and its conjugate momentum b (on the right) evolving as functions of the internal 
time T, for tq = 0, for flat FRW cosmology with negative cosmological constant A < 0. The universe starts in a big bang, 
expand to maximal volume and collapses again. 



Moreover, v(t) oc sm2ct, with c a constant. Therefore in proper tnne we also have a recollapsing universe, that 
starts at < = in a big bang singularity and dies for a finite value of the proper time in a big crunch. 

A successful regularized dynamics should cure both big bang and big crunch singularities, smoothing them in 
terms of a bounce and making the evolution periodic. This behavior is again achieved by the loop quantization, 
which in this case has been thoroughly analyzed in [3^ (see also references therein). 



2. Curved model without cosmological constant 



In this case it is more convenient to solve the equations of motion for a and tTq and then to get the evolution for v 
and b employing the canonical transformation 



47rG 



6 = - 



~3~^ 



k 
7a 



(C16) 



We note that in this case the definition of b involves an extra term, in comparison with the flat case, that depends on 
the Immirzi parameter 7. As a consequence, the trajectory for b in time will depend explicitly on 7. The Hamiltonian 
in (a, TTa) variables reads 



47rG 



7r2a2 + 



3k 



The resulting equations of motion are 



AirG 
3P0 



TTafl , 



4nG 



--( 

V 3 



3k 

2^' 



(C17) 



(C18) 



To get the solutions, we first use the conservation of the momentum to get the expression of ttq in terms of a and 
which allows us to solve the equation of motion for fl, and consequently also the evolution for tt^. Considering 
only the positive branch for the scale factor a the solutions are the following, depending on the sign of the curvature: 



k = l: 



7ra(0) = 



1/4 



V 3 y 
/ 3 



V 47rG 



1 

3/4 



cosh 



cosh 



sinh 



IGttG 



(C19) 
(C20) 
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Using T = \/l2TrG(j) as in previous cases, for v{t) and 6(r) we obtain: 



1 MttGX 



3/4 



3/2 



P0 



Therefore, the matter density is given by 



""^^^ 47rG 3 ) l^cosh[f(T-T„)] 
f 3 /cosh[|(r-T»r 









1 sinh 













/ 2 X 3/2 






1 cosh'^ 




2P0 





(C21) 
(C22) 

(C23) 



These solutions represent a universe that expands from a big bang singularity (at r — > — oo) till the matter 
density reaches a minimum value equal to (iTc)'^ ^ ^'^'^ ^^"^ volume reaches a maximum value equal 

to (^-|^)'^^^P0^^ (at r = To), moment at which the universe starts contracting till it reaches a big crunch 
singularity (at r — >■ oo). Both the loop quantization and the resulting effective dynamics of this model have 
been studied in [13] , see also [s^ for some technical aspects of the quantization. 



k = -1: 



7ra(0) = - 



1/4 



47rG 



3/4 



sinh 



IGttG 



\ 



sinh 



167rG 



('^ - 0o) 



cosh 



IGttG 



(C24) 
(C25) 



Using T — Vl27rG(/) as in previous cases, for w(t) and 6(t) we obtain: 



w(r) 



6(r) 



1 



/47rG\ 



3/4 



3/2 



4ttG \ 3 J \^|sinh[|(r~To) 

1/4 



47rG 



sinh ■^(r — To) 









|cosh 











Therefore, the matter density is given by 



PA 



1 / 3 



2p0 V47rG 



3/2 



sinh 



2. 



(C26) 
(C27) 

(C28) 



As in the positive cosmological constant term, there are two branches of solutions: for r g (— oo, Tq) the solutions 
represent a universe that expands from a big bang singularity till the matter density vanishes and the volume 
diverges; for r G (to,oo) the solutions represent a universe that contracts from infinite volume and vanishing 
density till a big crunch singularity. For the loop quantization of this model we refer the reader to [s^, . 
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